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Abstract
The string theory with perimeter action is tensionless by its geometrical nature and has a pure massless spectrum of higher
spin gauge particles. I demonstrate that the linear transformation of the world-sheet fields defines a map to the SO(D,D) sigma-
model equipped by additional Abelian constraint, which breaks SO(D,D) to a diagonal SO(1,D − 1). The effective tension
is equal to the square of the dimensional coupling constant of the perimeter action. This correspondence allows to view the
perimeter action as a “square root” of the Nambu–Goto area action. The aforementioned correspondence between tensionless
strings and SO(D,D) sigma-model allows to introduce vertex operators in full analogy with the standard string theory and to
confirm the form of the vertex operators introduced earlier, the value of the intercept a = 1 and the critical dimension D = 13.
 2005 Elsevier B.V. Open access under CC BY license.It is generally expected that high energy limit or,
what is equivalent, the tensionless limit α′ → ∞ of
string theory should have massless spectrum M2N =
(N − 1)/α′ → 0 and should recover genuine symme-
tries of the theory [1–3]. Of course this observation
ignores the importance of the high genus G diagrams,
the contribution of which AG  exp{−α′s/(G + 1)}
is exponentially large compared to the tree level di-
agram [1–3]. The ratio of the corresponding scatter-
ing amplitudes behaves as AG+1/AG  exp{α′s/G2}
and makes any perturbative statement unreliable and
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Open access under CC BY license.requires therefore a nonperturbative treatment of the
problem [4–8].1
The tensionless model with perimeter action sug-
gested in [17–20] does not appear as an α′ → ∞ limit
of the standard string theory, as one could probably
think, but has a tensionless character by its geomet-
rical nature [17]. Therefore it remains mainly unclear
at the moment how these two models are connected.
However the perimeter model shares many properties
with the area strings in the sense that it has world-sheet
conformal invariance and contains the correspond-
1 The different aspects and models of tensionless theories can be
found in [9–16].
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Abelian generators. This makes mathematics used in
the perimeter model very close to the standard string
theory and allows to compute its massless spectrum,
critical dimension Dc = 13 [18–20] and to construct
appropriate vertex operators [21,22].
Comparing literally the spectrum of these two mod-
els one can see that instead of usual exponential grow-
ing of states, in the perimeter case we have only linear
growing. In this respect the number of states in the
perimeter model is much less compared with the stan-
dard string theory and is larger compared with the field
theory models of the Yang–Mills type. From this point
of view it is therefore much closer to the quantum field
theory rather than to the standard string theory. At the
same time its formulation and the symmetry structure
is more string-theoretical. Perhaps there should be a
strong nonperturbative rearrangement of the spectrum
in the limit α′ → ∞ before the spectrum of the area
and the perimeter strings can become close to each
other.
Our aim here is to give a partial answer to these
questions. As we shall see the linear transforma-
tion of the world-sheet fields defines a map to the
SO(D,D) σ -model equipped by an additional Abelian
constraint, which breaks SO(D,D) to a diagonal
SO(1,D − 1). The effective string tension is equal to
the square of the dimensional coupling constant m of
the perimeter action
1
2πα′
= m
2
π
.
This relation allows to view the perimeter action as
a “square root” of the Nambu–Goto area action m =√
1/2α′. The mass-shell quantization condition of the
SO(13,13) σ -model
α′M2N = −α′K2 = (N − 1),
which defines the value of the first Casimir operator
K2 of the Poincaré algebra in 26 dimensions, is trans-
lated through the dictionary into the quantization con-
dition for the square W = w2D−3 of the Pauli–Lubanski
form wD−3 of the Poincaré algebra in 13 dimensions
WN = (k · π)
2
m2
= (N − a)2 = (N − 1)2,
because, as we shall see (26), K ◦K|in 26 dim. = 2m×
(k · π)| This demonstrates that in the tension-in 13 dim.less string theory the intercept a = 1 and therefore
only N = 1 state realizes fixed helicity representa-
tions, W = 0, whereas the ground state N = 0 and
the rest of the excited states N  2 realize continu-
ous spin representations, W = 0, of the massless little
group SO(11).
The aforementioned correspondence allows to in-
troduce the vertex operators in full analogy with the
standard string theory and to confirm the form of
the vertex operators introduced earlier in [21,22]. The
n-point scattering amplitude of fixed helicity states
W1 = 0 (N = 1) in terms of 13-dimensional momenta
ki and polarizations ei is2
A(k1, e1; . . . ; kn, en)
=
∫
dπ1 · · ·dπn eie1π1+···+ienπn
(1)×
∫ n∏
i
d2 ζi
〈
Uk1,π1(ζ1) · · ·Ukn,πn(ζn)
〉
,
where Uki,πi (32) are fixed helicity vertex operators
(ki · πi) = 0, i = 1, . . . , n. This scattering amplitude
exhibits important gauge invariance with respect to the
gauge transformations [19]:
(2)ei → ei + kiΛi(k1, . . . , kn),
where Λi(k1, . . . , kn) are gauge parameters. This in-
variance is valid only for the states which are described
by the fixed helicity vertex operator Uk,π (32), for
which W1 ∼ (k · π)2 = 0.
The perimeter string model was suggested in [17]
and describes random surfaces embedded in D-dimen-
sional space–time with the following action
S = mL = m
π
∫
d2ζ
√
h
√(
∆(h)Xµ
)2
,
where hαβ is the world-sheet metric, ∆(h) = 1/√
h∂α
√
hhαβ∂β is Laplace operator and m has di-
mension of mass. There is no Nambu–Goto area term
in this action. The action has dimension of length
L and the dimensional coupling constant is m. Mul-
tiplying and dividing the Lagrangian by the square
root
√
(∆(h)Xµ)2 one can represent it in the σ -model
2 WN defines fixed helicity states, when W1 = 0 (N = 1), and
continuous spin representations (CSR), when WN = 0 (N = 1) [18,
19,27–29].
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(3)S = − 1
π
∫
d2ζ ηµν
√
hhαβ∂αΠ
µ∂βX
ν,
where the operator Πµ is
Πµ = m ∆(h)X
µ√
(∆(h)Xµ)2
.
We shall consider the model B , in which two field
variables Xµ and hαβ are independent. The classical
equation is
(4)(I) ∆(h)Πµ = 0
and world-sheet energy–momentum tensor
(5)
(II) Tαβ = ∂{αΠµ∂β}Xµ − hαβhcd∂cΠµ∂dXµ = 0.
The operator Π is a space-like vector,
(6)(III) Θ ≡ ΠµΠµ −m2 = 0.
The energy–momentum tensor is conserved ∇aTab =
0 and is traceless habTab = 0, thus we have two-
dimensional world-sheet conformal field theory with
the central charge c = 2D [18]. We have equa-
tion of motion (4) together with the primary con-
straints (5) and (6) and secondary constraints Θ1,0 =
Π∂+Π , Θ0,1 = Π∂−Π , Θ1,1 = ∂+Π∂−Π of confor-
mal weights (1,0), (0,1) and (1,1) [18]. The equiva-
lent form of the action (3) is [23]
S´ = − 1
π
∫
d2ζ
√
hhαβ
(7)× {ηµν∂αΠµ∂βXν + ωαβ(Π2 −m2)},
where the Πµ field is now an independent variable and
the ωαβ are Lagrange multipliers. The system of equa-
tions which follows from S´
∆(h)Πµ = 0, ∆(h)Xµ − 2hαβωαβΠµ = 0,
(8)ΠµΠµ = m2
is equivalent to the original equations (4) and (6) and
the corresponding new energy–momentum tensor T´αβ
acquires an additional term which depends only on the
field Π
(9)T´αβ = Tαβ +
(
ωαβ − 12hαβh
γ δωγ δ
)(
Π2 − 1),where habT´ab = 0. The central charge c = 2D of the
Virasoro algebra remains untouched and demonstrates
the absence of additional contributions to the central
charge due to the primary constraint (6) (see also [24]
for alternative calculation).
Correspondence with the SO(D,D) σ -model. Let
us introduce new variables as follows:
1
m2
Πµ = 1√
2
(
Φ
µ
1 +Φµ2
)
,
(10)Xµ = 1√
2
(
Φ
µ
1 −Φµ2
)
.
Then the action (3) will take the form
S = −m
2
2π
∫
d2ζ ηµν
√
hhαβ
(11)× (∂αΦµ1 ∂βΦν1 − ∂αΦµ2 ∂βΦν2 ).
If one considers the 2D-dimensional target space with
the combined coordinates
ΦM = (Φµ11 ,Φµ22 ), M = 1, . . . ,2D,
and fully symmetric Lorentzian signature space–time
metric with D pluses and D minuses
ηMN =
(
ηµ1ν1
−ηµ2ν2
)
(12)=
(−,+, . . . ,+
+,−, . . . ,−
)
,
then the action (11) will have formal interpretation in
terms of σ -model being defined on a 2D-dimensional
target space with the symmetry group SO(D,D)
(13)S = −m
2
2π
∫
d2ζ ηMN
√
hhαβ∂αΦ
M∂βΦ
N.
From this expression of the action we can deduce that
the effective string tension Teff is equal to the square
of the mass m
(14)1
2πα′
= m
2
π
.
The last relations allow to view the tensionless string
theory, which is defined by the perimeter action (3),
as a “square root of the Nambu–Goto area action”
m =√1/2α′. This interpretation has deep geometrical
origin because in some sense the perimeter L, which
was defined for the two-dimensional surfaces in (3),
can be considered as a square root of the surface area.
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cise if one recalls Zenodor–Minkowski isoperimetric
inequality [25,26], which tells that L2  4πS, with the
equality taking place only for a sphere.
The crucial constraint (6) will take the form m2 ×
(Φ1 + Φ2)2 = 2 and it breaks SO(D,D) group of
fully symmetric space–time MD,D down to the diag-
onal group SO(1,D − 1) of the standard space–time
M1,D−1 with one time coordinate
SO(D,D) → diag SO(1,D − 1),
as one can see from the component form of the above
constraint3
(15)
−(Φ01 +Φ02)2 + ( Φ1 + Φ2)2 = −Φ2+ + Φ 2+ = 2/m2.
The Xµ and Πµ fields (10) are actually light-cone co-
ordinates on MD,D and one can heuristically say that
our strings are massless because they propagate on the
light cone of MD,D . The Abelian constraint (15) can
also be considered as a “compactification” to a hyper-
boloid manifold HD .
The energy–momentum tensor (5) will take the
form
Tαβ = ∂αΦ1∂βΦ1 − ∂αΦ2∂βΦ2
(16)− 1
2
hαβh
γ δ(∂γΦ1∂δΦ1 − ∂γΦ2∂δΦ2).
It is therefore clear that we shall have 2Dc = 26 and
shall recover the previous result [18]
(17)Dc = 13.
Operator algebra and vertexes. For the open strings
the solution of this two-dimensional world-sheet CFT
is [18]:
Xµ = xµ + 1
m
πˆµτ + i
∑
n=0
1
n
βµn e
−inτ cosnσ,
(18)Πµ = meµ + kˆµτ + i
∑
n=0
1
n
αµn e
−inτ cosnσ,
where kˆµ = −i∂/∂xµ and πˆµ = −i∂/∂eµ are mo-
mentum operators and αn, βn are oscillators with the
3 The SO(D,D) signature allows the D light-cone coordinates
Φ = Φ0 ±Φ0, Φ = Φ ± Φ .± 1 2 ± 1 2following commutator relations
[
xµ, kˆν
]= iηµν, [eµ, πˆν]= iηµν,
(19)[αµn ,βνl ]= nηµνδn+l,0
and [α,α] = [β,β] = 0 (the indexes are not shown).
It is also convenient to introduce the zero momentum
operators αµ0 = kˆµ, βµ0 = πˆµ. The appearance of the
additional zero mode means that the wave function is
a function of the coordinate variables xµ and eµ:
ΨPhys = Ψ (x, e).
The coordinate variable xµ belongs to a Minkowski
space xµ ∈ M13 and eµ belongs to a hyperboloid
eµ ∈ H 13 which is defined by the relation e2 = −e20 +
e 2 = 1 (6), (15)
(20)M26 → M13 ⊗ H 13.
It was suggested therefore in [18] that eµ should be
interpreted as a polarization vector, because from the
constraint (6), (15) it follows that [18]
k2 = 0, e · k = 0, e2 = 1.
It is important to get a better idea about the algebra
(19). The transformation (10) naturally leads to the os-
cillators
Aµn =
1√
2
(
αµn + βµn
)
, Bµn =
1√
2
(
αµn − βµn
)
and brings the algebra (19) to the form
[
Aµn ;Aνm
]= +ηµνnδn+m,[
Bµn ;Bνm
]= −ηµνnδn+m,
(21)[Aµn ;Bνm]= 0.
This is a standard algebra of the oscillators with the
following signature
ηµν = (−,+, . . . ,+) ∈ SO(1,D − 1),
−ηµν = (+,−, . . . ,−) ∈ SO(D − 1,1).
In terms of the above oscillators the “target space” co-
ordinates (10) ΦM = (Φµ11 ,Φµ22 ) have the form:
√
2Φµ1 = xµ +
1
m
eµ +
(
1
m2
kˆµ + 1
m
πˆµ
)
τ
+ i
m
∑ 1
n
Aµn e
−inτ cosnσ,
n=0
G. Savvidy / Physics Letters B 615 (2005) 285–290 289√
2Φµ2 = −xµ +
1
m
eµ +
(
1
m2
kˆµ − 1
m
πˆµ
)
τ
(22)+ i
m
∑
n=0
1
n
Bµn e
−inτ cosnσ.
The above SO(D,D) σ -model interpretation of the
tensionless string theory allows to introduce vertex
operators in the full analogy with the standard string
theory case. Indeed the vertex operator for the ground
state has the form:
VK = :eiK◦Φ :
where KM = (kµ11 , kµ22 ), ΦM = (Φµ11 ,Φµ22 ), K ◦Φ =
ηMNK
MΦN , and has conformal dimension equal to
the square of the momentum KM
(23)∆ = α′K2 = K ◦K
2m2
.
Therefore substituting the expressions for the field
ΦM = (Φµ11 ,Φµ22 ) in terms of the original world-sheet
fields Xµ and Πµ (10) we shall get
(24)VK = :eik1Φ1−ik2Φ2 : = :eikX+iπΠ/m:,
where the momenta k and π are:
(25)k = 1√
2
(k1 + k2), π = 1√
2m
(k1 − k2).
This is an interesting relation because it demon-
strates how the 2D-dimensional momentum KM of
the SO(D,D) σ -model splits into two parts which
form the physical momentum variable kµ of the
tensionless strings propagating in a 13-dimensional
Minkowski space–time xµ ∈ M1,D−1 and the momen-
tum πµ, which is conjugate to the polarization vector
eµ ∈ H 1,D−1
MSO(13,13) → MSO(1,12) ⊗ HSO(1,12).
We can now translate the conformal dimension ∆ of
the ground state vertex operator VK into the language
of our momenta k and π
∆ = K ◦K
2m2
= k
2
1 − k22
2m2
= (k +mπ)
2
4m2
− (k −mπ)
2
4m2
(26)= (k · π)
m
.
This clearly confirms the form of the vertex operator
and its conformal dimension obtained earlier in [21].Indeed the general form of the vertex operators sug-
gested in [21] is given by the formula
U
µ1µ˜1...,...µj µ˜j
k,π (ζ )
= :∂n1ζ Xµ1∂n˜1ζ¯ Xµ˜1 . . . . . . ∂
nj
ζ Π
µj ∂
n˜j
ζ¯
Πµ˜j
(27)× eik·X(ζ )+iπ ·Π(ζ):,
the conformal spin should be equal to zero, there-
fore n1 + · · · + nj = n˜1 + · · · + n˜j = N . Using the
world-sheet energy–momentum operator [18] T (ζ ) =
−:∂ζX · ∂ζΠ : one can compute the anomalous dimen-
sion of the open strings vertex operators [21,22]:
(28)∆ = (k · π)
m
+N.
It must be equal to 1 in order to describe emission of
physical states, therefore in tensionless string theory
the value of the intercept is equal to one, a = 1, be-
cause (L0 − a)ψ = ( (k·π)m + N − a)ψ = 0 [19]. The
corresponding poles
(29)(k · π)
m
= 1 −N
are translated to the mass-shell condition on the σ -
model side: α′K2 = 1 −N .
Let us discuss what these relations mean. The
physical meaning of the invariant k · π is given
by W = w2D−3-square of the Pauli–Lubanski form
w
µ1,...,µD−3
D−3 ∼ εµ1,...,µD−3,νλρkνMλρ of the Poincaré
algebra on M13, that is [18,19]
(30)W = (k · π)
2
m2
.
From (29), (30) we conclude that on the level N the
value of the square of the Pauli–Lubanski form is
equal to
(31)WN = (1 −N)2.
As it is well known it defines fixed helicity states,
when W = 0 and continuous spin representations,
when W = 0 [18,19,27–29]. Therefore only N = 1
state realizes the fixed helicity representations, whereas
the ground state N = 0 and the rest of the excited
states N  2 realize continuous spin representations
of the massless little group SO(11). The corresponding
vertex operator Uk,π (N = 1) in open strings case is
(32)
Uk,π = ζ ◦ Φ˙eiK◦Φ = (ξ · Π˙ + ω · X˙)eik·X+iπ ·Π,
290 G. Savvidy / Physics Letters B 615 (2005) 285–290where in 26 dimensions K ◦ ζ = 0, K ◦ K = 0
or, being translated through our dictionary (26) into
13 dimensions, it will take the form: k · ξ(k,π) +
π · ω(k,π) = 0, k · π = 0. The Uk,π operators are
of the essential importance, because for them W ∼
(k · π)2 = 0, and they create fixed helicity massless
gauge particles [30–41].
Acknowledgements
In conclusion I would like to thank Luis Alvarez-
Gaume, Ignatios Antoniadis, Ioannis Bakas, Lars
Brink and Kumar Narain for stimulating discussions
and CERN Theory Division for hospitality.
References
[1] D.J. Gross, P.F. Mende, Phys. Lett. B 197 (1987) 129.
[2] D.J. Gross, P.F. Mende, Nucl. Phys. B 303 (1988) 407.
[3] D. Gross, Phys. Rev. Lett. 60 (1988) 1229.
[4] E. Witten, The search for higher symmetry in string theory,
IASSNS-HEP-88/55;
E. Witten, Phys. Rev. Lett. 61 (1988) 670.
[5] P.F. Mende, hep-th/9210001.
[6] P.F. Mende, H. Ooguri, Nucl. Phys. B 339 (1990) 641.
[7] P.F. Mende, Phys. Lett. B 326 (1994) 216.
[8] G.W. Moore, hep-th/9310026.
[9] H.J. de Vega, N. Sanchez, Phys. Lett. B 197 (1987) 320.
[10] D. Amati, M. Ciafaloni, G. Veneziano, Phys. Lett. B 216
(1989) 41.
[11] M. Gasperini, N. Sanchez, G. Veneziano, Nucl. Phys. B 364
(1991) 365.
[12] U. Lindstrom, B. Sundborg, G. Theodoridis, Phys. Lett. B 253
(1991) 319.
[13] H.J. de Vega, A. Nicolaidis, Phys. Lett. B 295 (1992) 214.
[14] F. Lizzi, Mod. Phys. Lett. A 9 (1994) 1495.
[15] I. Bakas, C. Sourdis, JHEP 0406 (2004) 049.
[16] I. Bakas, C. Sourdis, hep-th/0501127.
[17] G. Savvidy, K. Savvidy, Mod. Phys. Lett. A 8 (1993) 2963;
G. Savvidy, K. Savvidy, Int. J. Mod. Phys. A 8 (1993) 3993;
R.V. Ambartzumian, et al., Phys. Lett. B 275 (1992) 99;
G. Savvidy, JHEP 0009 (2000) 044;
R. Manvelyan, G. Savvidy, Phys. Lett. B 533 (2002) 138.[18] G.K. Savvidy, Phys. Lett. B 552 (2003) 72.
[19] G.K. Savvidy, Int. J. Mod. Phys. A 19 (2004) 3171.
[20] I. Antoniadis, G. Savvidy, hep-th/0402077.
[21] L. Alvarez-Gaume, I. Antoniadis, L. Brink, K. Narain,
G. Savvidy, Tensionless strings, vertex operators and scattering
amplitudes, Preprint CERN-PH-TH/2004-095 and NRCPS-
HE-2004-13.
[22] G. Savvidy, hep-th/0409047.
[23] A. Nichols, R. Manvelyan, G.K. Savvidy, Mod. Phys. Lett.
A 19 (2004) 363.
[24] J. Mourad, hep-th/0410009.
[25] H. Minkowski, Math. Ann. B 57 (1903) 447.
[26] W. Blaschke, Griechische und Anschauliche Geometrie, Old-
enbourg, München, 1953;
Zenodor, Πρι ισoπριµτρων σχηµατων, 150 B.C.
[27] E. Wigner, in: A. Salam (Ed.), Theoretical Physics, Interna-
tional Atomic Energy, Vienna, 1963, p. 59;
E. Wigner, Ann. Math. 40 (1939) 149.
[28] L. Brink, A.M. Khan, P. Ramond, X. Xiong, J. Math. Phys. 43
(2002) 6279.
[29] J. Mund, B. Schroer, J. Yngvason, Phys. Lett. B 596 (2004)
156.
[30] M. Fierz, W. Pauli, Proc. R. Soc. London, Ser. A 173 (1939)
211;
W. Rarita, J. Schwinger, Phys. Rev. 60 (1941) 61;
J. Schwinger, Particles, Sourses, and Fields, Addison–Wesley,
Reading, MA, 1970.
[31] L.P.S. Singh, C.R. Hagen, Phys. Rev. D 9 (1974) 898, 910.
[32] C. Fronsdal, Phys. Rev. D 18 (1978) 3624.
[33] S. Ferrara, C. Fronsdal, Phys. Lett. B 433 (1998) 19.
[34] P. Haggi-Mani, B. Sundborg, JHEP 0004 (2000) 031.
[35] B. Sundborg, Nucl. Phys. B (Proc. Suppl.) 102 (2001) 113.
[36] E. Witten, Talk at the John Schwarz 60th Birthday Symposium,
http://theory.caltech.edu/jhs60/witten/1.html.
[37] A.K. Bengtsson, I. Bengtsson, L. Brink, Nucl. Phys. B 227
(1983) 41.
[38] A.K. Bengtsson, I. Bengtsson, L. Brink, Nucl. Phys. B 227
(1983) 31.
[39] M.A. Vasiliev, hep-th/9910096.
[40] E. Sezgin, P. Sundell, JHEP 0109 (2001) 036.
[41] D. Francia, A. Sagnotti, Phys. Lett. B 543 (2002) 303;
N. Bouatta, G. Compere, A. Sagnotti, hep-th/0409068;
A. Sagnotti, E. Sezgin, P. Sundell, hep-th/0501156.
